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 ABSTRACI. Let SC(n) be the group of orientation-preserving self-
 homeomorphisms of a closed oriented surface Bd U of genus n, and let
 S(n) be the subgroup of those elements which induce the identity on
 Hl(Bd U; Z). To each element h E SC(n) we associate a 3-manifold M(h)
 which is defined by a Heegaard splitting. It is shown that for each h E SC(n)
 there is a representation p of SC(n) into Z/2Z such that if k E SC(n), then
 the ,-invariant y(M(h)) is equal to the ,-invariant y(M(kh)) if and only if
 k E kernel p. Thus, properties of the Smanifolds which a given 3-manifold
 bounds are related to group-theoretical structure in the group of
 homeomorphisms of a 2-marlifold. The kernels of the homomorphisms from
 SC(n) onto Z/2Z are studied and are shown to constitute a complete
 conjugacy class of subgroups of SC(n). The class has nontrivial finite order.

 1. Introduction. It is well known that atly closed, oriented 3-manifold
 admits a representation by a Heegaard splitting, i.e. as the union of two
 cubes-with-handles identified along their boundaries. Since the identification
 space is uniquely determined by the specification of a homeomorphism from
 the boundary of one handlebody to the boundary of the other, it is possible to
 translate many questions about the topology of 3-manifolds into algebraic
 questions about the group SC(n) of orientation-presening homeomorphisms
 of a closed oriented surface of genus n. In particular, one might expect that
 correspondences would exist between structures in the class of oriented
 3-manifolds and structures in the groups SC(n), n = O, 1, 2, .... The purpose
 of this paper is to exhibit just such a correspondence, as it arises in
 connection with the study of the ,u-invariant of Z/2Z-homology spheres.

 The main results of this paper are contained in Theorems 8, 9, and 11. We
 review these now. For each genus n > O, let U= U(n) denote an oriented
 cube-with-handles of genus n, and let - U denote the same handlebody wsth
 its orientation reversed. The group SC(n) is the group of orientation presen-
 ing homeomorphism of Bd U onto itself. Let SC(n) denote the subgroup
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 consisting of those homeomorphisms that induce the identity on
 Hl(Bd U; Z). For h E SC(n), let M(h) denote the 3-manifold defined as the
 disjoint union of U and - U with the identification ih(x) = x where i is e
 "identity" function from Bd U to Bd(-U).
 If M(h) is a Z/2Z-homology sphere, there is an invariant y(M(h)) of ffie
 oriented homeomorphism type of M(h). It is due to Eells and Kuiper (see
 [EK] and tHNK, §7]). The ,u-invariant takes ffie values j/8, j - O, 1, . . ., 7 in
 Q/Z. For Z-homology spheres it is either O or 2, and for the 3-sphere it is 0.
 We will prove the following results about the ,u-invariant.

 1. If hl and h2 are elements of SC(n), n > 1, such that M(h2h,) is a
 Z/2Z-homology sphere, there is a homomorphism Ph2,hl from S(n) onto the
 additive group of order 2, {O, 2 } (mod 1), defined by

 pssss,(k) _ (M(^2khl)) p(M(h2h,)) (mod 1), k E S(n).
 2. Let %,2,^, denote ker Ph2,h,@ Consider the collection E(n) of groups SC*2,^,

 as h2 and hl range over all possible elements of SC(n) for which M(h2hl) is a
 Z/2Z-hornology sphere. Then E(n) is a complete conjugacy class of
 subgroups of 9C(n). The class E(n) has nontrivial finite order, and bounds are
 given by 2" < le(n)l < m2 where m is the order ofithe symplectic group
 Sp(2n, Z/2Z).

 3. Define (S(n) = n SC*2,^, where the intersection is taken over all possible
 subgroups Shzh,- Nen C(n) is a noal subgroup of %(n), and the p-
 invariant has an algebraic interpretation (explained in §4) in terms of the
 sequence of factor groups (9C(n)/e(n), n = O, 1 2, . . . ).

 Each of the assertions above clearly iruplies the corresponding assertion
 with SC(n) replaced by the quotient group W(n) obtained by factoring out
 homeomorphisms isotopic to the identity. This is so because first, the
 homeomorphisms factored out belong to SC(n) and second, changing one of
 the homeomorphisms by an isotopy does not change the oriented
 homeomorphism type of the manifold defined by it

 Let W(n) denote the subgroup of SC(n) consisting of those
 homeomorphisms that induce the identity on Hl(Bd U; Z/2Z). It is natural
 to conjecture that the "Z/2Z-regularity" exhibited by SC(n) in effecting
 changes in the ,u-invariant might generalize to a corresponding regularity for

 SC(n), only in this case one might expect to find representations onto Z/8Z or
 Z/4Z. But it is just not so, not even for n= 1! lEe formulas given by
 Hirzebruch [HNK, §7] for the ,u-invarsants of lens spaces reveal quickly that
 such representations do not exist.

 The results here have interest in several directions. First, from a purely
 group theoretical point of view, they give us a multitude of examples of
 index-2 subgroups of S(n). Second, from the point of view of invariants of
 3-manifolds, the techniques used to reveal the index-2 subgroups of SC(n)

This content downloaded from 143.215.137.43 on Sat, 24 Feb 2018 13:32:51 UTC
All use subject to http://about.jstor.org/terms
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 suggest a new general means to obtain invariants for 3-manifolds through
 representations of subgroups of SC(n). Third, the main results descnbed in 1
 above suggest a method for investigating the existence or nonexistence of
 index-8 homotopy 3-spheres. It will be seen that a necessary and sufficient

 condition for the existence of index-8 homotopy 3-spheres is that for some n

 and any h E 9tC(n) such that M(h) is the 3-spheres there exist an element

 k E SC(n) such that k does not belong to the group Xdh (which has index 2
 in SC(n)) and such that wl(M(kh)) = 1.

 ACKNOWLEDGEMENT. We were led to the result in Theorem 8 when W. B.
 R. Lickorish suggested to us that the group SC(n) ought to exhibit some kind
 of Z/2Z regularity in effecting changes in the ,u-invariant. Conversations with
 Walter Neumann were helpful in bringing Theorem 8 to its full generality.

 Walter Neumann also offered helpful suggestions regarding the proof of

 Theorern 9.

 Some of the work done here was done while the second author was a
 sabbatical visitor at the Science Institute of the University of Iceland. He
 wishes to thandc Halldor I. Eliasson and the Science Institute for support and
 hospitality during that visit.

 2. Symplectic matrices, Heegaard splittings, map pairs, and triadic 4-mani-

 folds. In this section we introduce notation, set down conventions, and

 develop the basic tools which will be used in §3 to prove our main results.

 1

 @n + 1

 +2

 FIGURE 2.1

 2.1 NOTATION AND CONVENTIONS. The following symbols and expressions
 will be used:

 z a general symbol for equivalence;
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 equivalence for oriented manifolds, always means an orientation preserving homeomorphism;
 Z the ring of integers;

 Q the field of rational numbers;

 2: the 3-sphere with some fixed orientation;

 U= U(n) a fixed, oriented handlebody of genus n > O imbedded in a
 standard manner in 2: (see Figure 2.1);

 @1 . . . s @2n standard basis for sr(Bd U) (see Figure 2.1) and also for
 H,(Bd U; Z) and H,(Bd U; Z/2Z). The context will distinguish these from each other.

 SC = SC(n) the group of orientation-preserving self-homeomorphisms of Bd U.

 SC = SC(n) the group automorphisms of Hl(Bd U; Z) induced by SC.
 SC = SC(n) the group of automorphisms of H,(Bd U; Z/2Z) induced by r
 JW .

 71 the natural homomorphism from SC onto SC.
 E the natural homomorphism from SC onto SC.
 SC = SC(n) kernel 71

 f = C(n) the subgroup of homeomorphisms in SC that extend to U. ff = W(n) the image of f under 71.
 f = C(n) the image of ff under q.
 h, h,, t, t, elements of SC(n).
 f,f,, . . . elements of f(n).
 k, k,, . . . elements of SC(n).
 I the n x n identity matrix.
 0 the n x n zero matrix.
 J the 2n x 2n matrix 11-° oll

 F(W) the 2n x 2n matrix llo Wll over Z or Z/2Z where W is an n x n symmetric matrix.

 D(U) the 2n X 2n matrix 11(u') ' °11 over Z or Z/2Z where U is a unimodular n x n matrix.

 Other symbols will be defined later, as they are introduced. The genus
 symbol n will sometimes be dropped to simplify notation.

 Manifolds and surfaces are compact, oriented, and, unless something is
 said otherwise, closed. If M is a manifold, then -M denotes the same
 manifold with opposite orientation. All maps, manifolds, etc. are piecewsse
 linear. Equivalence between manifolds or tuples of manifolds always means
 an orientation-preserving homeomorphism. If M and M' are manifolds, not
 necessarily disjoint, then M + M' wiLl denote the disjoint union of M and M'.

 2.2 THE SYMPLECTIC GROUP. We have chosen a standard basis X,, . . ., @2n
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 for sr,(Bd U) as illustrated in Figure 2.1. In terms of this basis, the group
 sT,(Bd U) admits a presentation with the single defining relation

 n

 g (@yXn+jXJ Xn+j) = 1.
 jl

 We further regard H,(Bd U; Z) and H,(Bd U; Z/2Z) as the free abelian
 group on these same generators and its tensor product wsth Z/2Z. The
 context will always distinguish these uses. Let L(h) denote the matrix repre-
 senting w(h), h E %(n), with the convention that the (i,j)th entry in L(h) is
 the coefficient of xj in 71(h)(i). The elements of H(Bd U) can then be
 regarded as row vectors and the action of SC as right matrix multiplication.
 Note that in Figure 2.1 orientations are chosen so that the homology
 intersection form I(i, xj) is represented by the matrix J. A 2n x 2n matrix L
 over Z or Z/2Z is tymplectic if

 (1) L[L' = J
 where equality is taken over Z or Z/2Z as appropriate. The sets of symplectic
 matrices form the symplectic groups Sp(2n, Z) and Sp(2n, Z/2Z). It follows
 from [Nw, p. 132, Theorem VII.21] that Sp(2n, Z/2Z) is the mod 2 reduction
 of Sp(2n, Z). Condition (1) is clearly necessary in order that a matrix L
 correspond to an element of SC(n), for it expresses the condition that an
 orientation-preserving homeomorphism of Bd U must preserve the homology
 intersection form. It was proved by Nielsen (see [MKS, Theorem N 13D that
 condition (1) is sufficient in order that L represent an element of 9C. Thus we
 may identify <3C(n) with the symplectic group Sp(2n, Z) and SC(n) uqth

 Sp(2n, Z/2Z). Beware! The representation 71: 9C(n) Sp(2n, Z) is an anti-

 homomorphism; hence the order in compositions must be reversed.
 We will have to use certain properties of the groups §;(n) and §;(n). These

 are summarized by the following lemma:

 LEMMA 1. (i)ff(n) = { |lo Q || E Sp(2n, Z)}, (n) = { llo Q 1l E
 Sp(2n, Z/2Z)}.

 (ii) For any f E f (n), there exist n x n matrices U, S, S* with U unimodu-
 lar and S and S* symmetric such that L(f) = F(S)D (U) = D (U)F(S*).

 PROOF. See [Br, EH, §2] for a proof of (i) in the case of C(n) and for a
 proof of (ii). The proof of (i) in the case of §;(n) goes as follows: One can
 follow the argument in [Br,EHl to verify that each matrix llo SQ§§ in
 Sp(2n, Z/2Z) has a decomposition F(S)D(U) (over Z/2Z) as described in
 (ii). Now S is the mod 2 reduction of a symmetric matrix 5 over Z whose
 entries are 0's and l's. By Lemma VII.8 of [Nw] the matrix U is the mod 2
 reduction of a unimodular matrix U over Z. But then, lloR Qll is the mod 2
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 288  J. S. BIRMAN AND R. CRAGGS

 reduction of the matrix llo Qll = F(S)D(U), and the fact that llo Qll repre-
 sents an element of (n) follows from the special case of (i) quoted from
 Br, EH]. D
 2.3 HEEGAARD SPLITrINGS. A Heegaard splitting of genus n of a closed,

 oriented 3-manifold is a representation of that manifold as U ih (- U)
 where h E SC(n), i: Bd U Bd(-U) is the identity map, and the identifi-
 cation is defined by the rule ih(x) = x for all x E Bd U. This Heegaard
 splitting is defined uniquely by the surface mapping h, and will accordingly
 be denoted by the symbol S(h). The manifold which it defines will be
 denoted by M(h).

 Two Heegaard splittings S(h) and S(h') of the same genus n are defined to
 be eqFivatent if there exist elementsfl andA in T(n) such that

 (2) h' = f2hfi.
 That is, h and h' must belong to the same double coset of ¢3C(n) modulo C(n).
 Condition (2) states algebraically the geometric condition that there is an
 equivalence from M(h) to M(h') that restricts to an equivalence from Bd U
 onto itself. Note that isotopic changes in h do not alter the equivalence class
 of a Heegaard splitting S(h); hence the splitting S(h) is determined up to
 equivalence if instead of h one specifies just the induced automorphism h* on
 sl(Bd U). This follows from the fact that each automoxphism of qr(Bd U) is
 induced by a unique isotopy class of homeomorphisms of Bd U (see [N1]).
 Consider then, for each n > 1, the automorphisms* = S*n) of sT(Bd U) that is
 given with respect to the standard basis by:

 S* = S*(") Xj Xy(DX+jXJ 1 1 < j < n,

 x><6>._ns n + 1 < j < 2n.

 Let s be an element of 9C(n) that induces the automorphism s*. Then S(s) is
 a standard Heegaard splitting of the 3-sphere h: since each curve , 1,
 n + I S j S 2n,boundsadiskin2: - U.

 We now wish to describe, in map language, a method for taking sums of
 Heegaard splittings which is consistent with the usual notion of connected
 sums for manifolds. Let D(n) be a disk in Bd U(n). For a pair (m, n) we
 form the boundary sum U(m) #b U(n) and identify it with U(m + n) as
 follows: Choose an orientation-reversing homeomorphisrn g: D(m)e D(n)
 and take U(m) #b U(n) to be the identification space U(m) +g U(n). Now
 identify U(m) #b U(n) with U(m + n) by some orientation-preserving
 homeomotphism g'. Given two Heegaard splittings S(h) and S(h') of genus
 m and n respectively we mays without changing the equivalence classes of
 S(h) and S(h'), isotopically modify h and h' so that they are the identity on
 D (m) and D (n) respectively. The homeomorphism g' now specifies a unique
 homeomorphism h # h' in 9c(m + n) corresponding to the homeomorphism
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 of Bd(U(m) #, U(n)) that is defined by restrictions of h and h'. The sum
 S(h) :t S(h') is defined to be the Heegaard splitting S(h W h'). The mani-
 fold M(h # h') then automatically defines the connected sum
 M(h) # M(h')*

 The homeomorphism h # h' in S(h # h') depends upon the choices of g,
 g' and the isotopies used to modify h and h', but the double coset of h X h' in
 9C(m + n) modulo C(m + n) is independent of these choices. Thus the
 construction above leads to a Heegaard splitting S(h # h') that is unique up
 to the equivalence defined in (2).

 Specializing the operation above leads to stabilization of a Heegaard

 splitting by the convention S(h) S(h # s(')) = S(h # s). Note that

 M(h # s) is homeomorphic to M(h). The sum operation will be used in a
 second way: to form the sum of a map h E SC(n) with id E SC(1) and so
 describe a "canonical extension" of an element of SC(n) to an element of
 SC(n 1)*

 Our next task will be to interpret certain topological properties of a
 manifold M(h) that are exhibited in the symplectic groups by means of the
 matrix 71(h) = L(h) and its mod 2 reduction. The first result follows from a
 simple application of the Mayer-Vietoris sequence:

 LEA 2. Let h E SC(n) and let L(h) be given by the symplectic matrix
 IIP Qll with respect to the standard basis.

 Then M(h) is a Z-homology sphere if and only if P is unimodular over Z, and

 M(h) is a Z/2Z-homology sphere if and only if P (mod 2) is unimodular over
 Z/2z. C1

 The second result which we will need is proved in §3 of [Br, EH]. tWe
 repeat the proof here because it is brief and because it illustrates a technique
 that will be used repeatedly later.

 LEMMA 3. Le! h and h' be elements of SC(n), and suppose that M(h) and
 M(h') are Z/2Z-homology spheres.

 Then there are elements f, and f2 in C(n) such that the splitting S(f2htf,) is

 equivalent to S(h') and L(f2htfi) _ L(h) (mod 2).
 Moreover, if M(h) and M(h') are both Z-homology spheres, then fi and f2

 can be chosen so that L(f2htf,) = L(h).

 PROOF. Consider first the special case of the lemma where h = s and where
 M(h') is a Z-homology sphere. Let L(h') = jlR Qll. By Lemrna 2, the matrix P
 is unimodular. Also, as a consequence of the symplectic condition (1), the
 matrices P'R and QP' are symmetric. Let L1 and L2 be elements of Sp(2n, Z)
 defined by

 L1 = F(-P'R)D(_ p-l ) and L2 = F(-P Q).
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 Then LIL(h')L2 has the form 11-° Q jLs and (1) now implies that X = I. Since,

 by Lemma 1, L1 and L2 belong to '(n), we may find elementsfi andf2 in

 F(n) such that Li = L(gi), i = 1, 2. Then we have L(f2hfi) = L(s) as prom-

 ised. The equivalence of S(h') and S(f2htfi) follows from the definition of

 equivalence (2).

 Next we change the special case by allowing h to be any element of SC(n)

 that defines a Z-homology sphere M(h). From the special case we can findf3,

 f4, fs, f6 in '(n) such that L(f4hf3)= L(f6htfS)= L(s). But then

 L(f4- lf6htf5 f3- l) = L(h) so we can take fi and f2 to be fsf3 l and g4- l>6

 respectively to obtain the desired equivalence.

 The case for Z/2Z-homology spheres is done in an entirely similar manner.

 We first locate the appropriate matrices over Z/2Z, since in this case we only

 know that det P is odd, and then we use Lemma 1 to lift these matrices back

 to elements of T(n).

 2.4 MAP PAIRS AND 4-MANIFOLDS. The map pair theory described below

 comes from applying the first author's mapping class formalism (see [Br, EH1)

 to rewrite a generalized Heegaard theory developed by the second author (see

 [Cr, HS] and [Ck, FH]).

 A map pair is an element (h2, h3) E SC X SC. Each map pair defines a triple

 of 3-manifolds (M (h3), M (h2), M(h3h2- 1)) which will be called the funda-

 mental triple for the map pair (h2, h3). We will show, in the next paragraph,

 how to associate a 4-manifold N = N(h2, h3) with the map pair (h2, h3) so

 that Bd N is the disjoint union-M(h3) + M(h; + M(h3hZ 1).

 -1w
 2 J

 -M(h3)

 FIGURE 2.2

 Form three copies N1, N2, N3 of the 4-manifold U x [-1, 1], and let
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 e>: U x[-1, 1] >Nj, j= 1,2,3,

 denote the corresponding identity maps. Orient the N>'s so that U U x 1
 eoNj is an orientation-preserving homeomorphism of U into BdNj for
 j = 1, 2 and is an orientation-reversing homeomorphism forj = 3. Define an

 equivalence relation on the points in the 3-manifolds e>((Bd U) x [-1, 1])

 by el(x, t) = e2(h2(x), -t), el(x, - t) = e3(h3(x), - t), e2(x, t) =

 e3(h3h2 l(x), t), x fi Bd U, t E [0, 1]. Set N= (N1 + N2 + N3)/, the
 disjoint union of the N>'s modulo . See Figure 2.2. Then N is an oriented
 4-manifold, and its oriented boundary is naturally identified with - M(h3) +
 M(h2) + M(h3h2-l) as indicated in Figure 2.2. We say that N is the 4-mani-

 fold associated with (h2, h3).
 For a 4-manifold N let mN denote the homolog intersection form

 mN H2 (N)/Torsion x H2 (N)/Torsion Z,

 and let X denote the signature of mN. Recall that the y-invariant was described

 in the introduction. (The reader is directed to [EK], [HNK], [GA], [Gd], [CS]
 for more information about the ,u-invariant and its computation.) Two
 properties of the ,u-invariant that we will use here are,

 (4) 81(M W M')-81(M) + ,u(M') (mod 1), and

 (S) 1l (-M) _-y(M) (mod 1).

 For the 4-manifold N = N(h2, h3) the relationship between the signature X of
 .v and the ,u-invariants of the boundary components of N is expressed by the

 following lemma:

 LEMMA 4. Let N = N(h2, h3) be the Smanifold associated with the map pair

 (h2, h3). Suppose that mN has even tpe, i.e. the quadratic values ff( p, 3) are
 all even, and suppose that M(h3), M(h2), and M(h3h2-l) are all Z/2Z-

 homology spheres.

 Then the signature X Of mN satisf es the congruence,

 (6) - #(M(h3)) + ,u(M(h2)) + ,u(M(h3h2-l)) _ -T/16 (mod 1). [1

 PROOF. It is first necessaw to verify that H1(N; Z/2Z) = 0. Since each

 l-cycle is homologous to a boundary cycle, this follows from the fact that the

 boundaxy components of N are Z/2Z-homology spheres. Now drilling holes
 in N to reduce the number of boundary components to one does not change
 either the folm v or the fact that H1(N) has no 2-torsion. The boundary of

 the drilled 4-manifold is equivalent to the connected sum of the boundary

 components of N. By the definition of the ,u-invariant (see [EK] or [HNK, §7D

 the ,u-invariant of the boundary of the drilled manifold is -X/16 (mod 1).
 Now apply equations (4) and (5) to get the congruence (6). z

 Two map pairs (h2, h3) and (h2, h3) are defined to be equivalent if there are
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 elementsfi,f2,f} in the group ff such that

 (7) hy'=4hvl, j=2,3.
 This provides that h3(h2)- 1-f3h3h2- If 2-1. From condition (2) on the equiva-
 lence of Heegaard splittings, we find that equivalent map pairs (h2, h3) and
 (h2, h3) define equivalent Heegaard splittings of the corresponding manifolds
 in the fundamental triples (M(h3), M(h2), M(h3h2-l)) and
 (M(h3), M(h2), M(h3(h2)- 1)). Moreover, these equivalences are interdepen-
 dent. Algebraically, this definition of equivalence says that hj and hjs j-2, 3,
 must lie in the same double coset of modulo fF and there must be a common
 right coset representative in the two equivalences.

 A little reflection should convince the reader that map pairs (h2, h3) and
 (h2, h3) are equivalent if and only if the 4-tuples (N,N1,N2,N3) and
 (N', N,, N2', N3') are equivalent where N = N(h2, h3) and N' - N(h2, h3).
 Thus our rather peculiar definition of equivalence in (7) will turn out to be
 exactly the one that is needed to preserve the signature formula (6) and thus
 to obtain information about the ,u-invariants of the manifolds in a funda-
 mental triple.

 An obvious problem arises about how to represent conveniently the
 bilinear form gPyv and thus calculate its signature and type. With the goal of
 representing v in mind, we lntroduce two natural definitions. Let (h2, h3) be
 a map pair. Then (7l(h2), rl(h3)) is defined to be an abelianized map pair and
 (Er1(h2), q(h3)) to be the mod 2 reduction of the abelianized map pair. The
 equivalence relation (7) goes over in a natural way to equivalence relations on
 abelianized map pairs and their mod 2 reductions: Instead of double cosets of
 SC mod fF, equivalence classes are represented by double cosets of 9C mod ff
 and of SC mod f.

 LEMMA 5. Let (h2, h3) be a map pair with associated 4-manifold N. Suppose
 that Hl(M(h3); Z) = O.

 (i) The map pair (h2, h3) is equivalent to a map pair (h2, h3) whose abeliani-
 zation has the normalform:

 (8) (L(h2),L(h3)) = p2 Q2 || ° '||

 (ii) For the normal form (8), the submatrix P2'R2 is a tymmetric matrix and it
 rqpresents the bilinear form mN(h2 h3) which is equivalent to mN.

 (iii) If further, Hl(M(h2); Z) = O, then (h2, h3) is equivalent to a map pair
 (h2, h3) whose abelianization has the norwlalform

 (9) (L(h2) L(h3*)) =ll WI o|| 11 °s o||
 where W is a tymmetric matrix such that -W represents the bilinear form
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 mN(h2, h3) z 9v. Moreover, Hl(M(h3, h2 1); z) = O if and only if det W=
 +1
 _ Z

 PROOF. Since by hypothesis Hl(M(h3); Z) = O, we may, by Lemma 3, find

 an equivalent splitting S(h3) for M(h3) such that L(h3) has the normal form

 given in (8). Now, there existfi,s3 E ff such that h3 = f3h3fi. Define h2 to be

 h2fi Then (h2, h3)t(h2,h3) by condition (7), and (L(h;),L(h3)) has the

 normal form (8) promised by the lemma. This establishes (i).

 The matrix P2R2 is symmetric because L(h;) is symplectic, and hence

 satisfies (1). The 4-manifolds N = N(h2, h3) and N' = N(h2, h3) are

 homeomorphic under an orientation-preserving homeomorphism, so mAr :>
 mNt. nUS to establish (ii) it is enou« to show that P2R2 represents zNt. We

 first identify mNt with a liing form for M(h3). Let #: Bd UInt U be a

 homeomorphism that translates points of Bd U along the fibers of a collar on

 Bd U in U. Let B denote the subgroup of Hl(Bd U; Z) generated by the set

 {h2*l(@i+n) i < n}. Now regard U as the first handlebody in M(h3)= U

 + ih' (- U) and consider the linking form

 L: B x B Z, L( ,R, ') = (0*( ,B ), ,8'),

 where Ik denotes linking number over Z in M(h3). Linking numbers are well

 defined in M(h3) since Hl(M(h3); Z) = O. Moreover the bilinear form L is

 symmetric because linking numbers are syretric in 3-manifolds. In the next

 paragraph we relate L with gNt by identifying a handle decomposition for N.

 Consider the submanifold (Nl + N3)/ in N'. It is homeomorphic, by an

 orientation-preserving homeomorphism, to M(h3) x [O, I] where M(h3) x

 [O, 1] is oriented so that Bd(M(h3) x [O, 1]) = M(h3) x 1 U-M(h3) x 0.

 This homeomorphism sends the component of Bd N' identified with - M(h3)

 to - M(h3) X 0. The homeomorphism may be presumed to preserve the sides

 of M(h3) in the correspondence and to send (Bd U) X O in (N1 + N3)/ to

 (Bd U) x I in M(h3) x [O, 1] so that (x, O) e (x, 1). Choose a complete

 system of meridianal disks D1, . . ., Dn in U and thicken these disks slightly

 to disjoint 3-balls Cl, . . ., Cn that are regular neiglaborhoods of the disks D

 in U. Let CO denote the 3-ball (U \ U Ci). Now regard the disks D1, . . ., Dn

 and the 3-balls CO, ..., Cn as sitting in the O-section of the Smanifold N2.

 Then N2 = U{Ci x [-1, 1]/0 < i < n}, and N' has a handle decom-
 position as the sum of M(h3) x [0, l] (identified with (Nl + N3)/ ), n

 2-handles, Cl x [-1, 1], . . ., Cn x [-1, 1], and one 3-handle, C0 x [-1, 1].

 Each of the disks Di is an attaching disk for the 2-handle C, x [-1, 1]. Its

 boundary is attached to M(h3) x I as h2 l(Bd Di) x 1, where h2 l(Bd Di) is

 considered to be a subset of the first side of M(h3). Associate with each

 h2-l(Bd Di) the homology class .Ri E H(Bd U; Z) of a l-cycle that is repre-

 sented by some orientation of h2- l(Bd D,). Now { ,Bl, . . ., ,Bn} is a free basis
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 for the subgroup B of Hl(Bd U; Z). Also H2(N; Z) is free on n generators,

 and a free basis for H2(N; Z) can be constructed by orienting each D, and

 capping it off with a relative 2-cycle in M(h3) x [O, 1]. By choosing the

 orientations properly we can identify the intersection numbers of pairs of

 these 2-cycles with the values of L on the corresponding pairs of elements in

 { ,B,, * * *, lsn}* Thus L is equivalent to gN.
 To complete the verification of (ii) we show that the matrix P2R2 represents

 the linicing form L. Now L(h2- 1) is given by

 R2 S2 Q2 -S2

 P2 Q2 _ pt Rt

 so B is freely generated by the elements,
 n n

 /j = h2* (°n+j) = 2 -PijXi + z rik°i+n
 *=1 *=1

 The matrix j]L(,Bj, ,Bk)ll represents L, and the (,z, k)th ently of this matrix is

 given by,

 D9(f9*( /j )s /k ) fik(8*( 2 Pijxi + 2 ryZi+n)s z PikXi + > rik°i+n)

 (8*( z Pi)Wi), 2 rikXi+n) 2 Pijti(8*(@i)s 2 rik°i+n)

 n

 =-2 Pijrsklk(8*(@i), wi+n) =-2 Pivrik(-1) = 2 Pijrik-
 il

 But 2z",lpyrik is the ( 1, k)th entry in the matrix P2R2, so P2R2 represents L,

 and hence , and the verification of (ii) is now complete.

 Consider (iii). Suppose that H,(M(h2); Z) = O. Then by Lemma 2, the

 matrix P2 in L(h2) is unimodular. We may then find unimodular matrices V1,

 2 such that V1P2V2 = - I. From equation (I) it follows that VlQ2(V2)-l is

 symmetric. We may thus define the abelian map pair equivalence:

 D (Vl)L(h2)D((Z2 ) )F(VlQ2(Z2) ) = W S2 -

 D ( V1 )L(*2)D ( V1 ) = || _ I o ll

 The symplectic condition (1) now implies that W is symmetric and that

 S2 = I, and we have the desired normal form at the abelian level. Since 71:

 ff ff is surjective, we can lift the matrices D (-) and F(-) to elements of

 f and so convert the equivalence to an equivalence (h2, h3) t (h2, h3) so

 that (L(h2), L(h3)) has the normal form just described.

 By (7), S (h3h2- 1) z S (h3(h2)- 1). Moreover
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 L(h3(h2)-l) = L(h2)-lL(h3)=llO o'|| || W, ||=|| I °||.

 By part (ii) of this lemma, - W = (- I)'W represents the form mN(h2*,h3) t mN.

 It follows from Lemma 2 that

 Hl(M(h3h21);z)=H1(M(h3(h2)-l);Z)=°

 if and only if det W = + 1. This completes the proof of the lemma. O

 Lemma S tells us how to obtain information about mN from the abeliam-

 zation of a map pair. Our next lemma completes the picture by relating

 equivalence of abelianized map pairs to equivalence of the associated bilinear

 forms.

 LEMMA 6. Let (h2, h3) and (h2 h3) be map pairs with associated Sn2anifolds N

 and N'. Suppose that M(h2) and M(h3) are Z-homology spheres.

 (i) If the abelianized map pairs (rl(h2), rl (h3)) and (n(h2), rl (h3)) are equiva-

 lent, then the forms mN and mN are equivalent. Morexer, if M(h0, M(h3),

 M(h2), M(h3) are all Z-homolov spheres then the converse holds: The equiva-

 lence of mN and mNt implies the equivalence of (n(h0, (h3)) and (n(h9, (h3)).

 (ii) If the mod 2 reductions (q(hi), q(h3)) and (q(hi), q(h3)) are equiw-

 lent, then the mod 2 reductions of mN and mNt are equivalent ai thu mN ai

 gNr are either both of xen tpe or both of odd tpe. D

 PROOF. Suppose first that (rl(h2), rl(h3)) and (X(h2), rl(h3)) are equivalent.

 By Lemma S we may suppose that (L(hi), L(h3)) has the normal form (8), so

 that gNt iS represented by P2tR2. Ae equivalence of (n(h0,(h3)) and

 (rl(h0, rl(h3)) implies the existence of elementsf>,j = 1, 2, 3 in f such that

 L(h,.) = L(fi )L(h>)L(fy), j = 2, 3.

 But then (f2h2 fi, f3h3 fi) is equivalent to (h2, h3), so by part (ii) of Lemma 5,

 PgR2 also represents mN and we conclude that mN and , are equivalent.

 Suppose that M(h3) and M(h3) are Z-homology spheres. Then by part (ii)

 of Lemma 5 we may suppose that (L(h2), L(h3)) has the normal form (9), and

 (L(h2), L(h3)) has this same normal form with W' in place of W. Then-W

 and -W' represent the bilinear forms mN and zNt. If zN and mN' are

 equivalent, then for some unimodular matrix U we have W' = UWUt. But

 then

 (L(h2), L(h3)) = (D ( U' )L(h2)D ( U), D ( U' )L(h3)D ( U))

 so (L(h2), L(h3)) and (L(h2), L(h3)) are equivalent as desired.

 The proof of (iii) is similar and is obtained by reducing mod 2 in Lemma S

 and the first two parts of the lemma. The final assertion in (iii) follows from

 the fact that when mN and mNt are equivalent, zN has an odd quadratic value
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 my( p, ) for some 3 if and only if mNt has an odd quadratic value mN( p's p)
 for some '. a

 2.5 A TECHNICAL LEMMA ABOUT MAP PAIRS. The lemma proved below
 translates into map pair language a weak version of the fact that 3-manifolds
 bound parallelizable 4-manifolds.

 LEA 7. Let S(h) be a Heegaard splitting of even genus for a Z/2D
 homoloSy sphere M(h).

 Then there exists a msp pair (h, h') with the following properties:
 (i) The bilinear form SpN for the 4-manifold N = N¢h, h') has even tpe.
 (ii) In the fundamental triple (M(h'), M(h), M(hth l)) for (h, h') the mani-

 folds are al! three Z/2Z-homology spheres and in addition M(hth-l) is the
 3-sphere.

 PROOF. We will prove the lemma by first constructing a map pair (hos hl)
 with a nice fundamental triple so that gN(hbh,) has even tpe and so that
 L(ho)-L(h) (mod 2). We will then make some substitutions to obtain the
 desired map pair (h, h').

 Let W be the n x n matrix which is the direct sum of n/2 copies of the
 2 x 2 matrix 111 oll. Consider the symplectic matrices

 (11-I oll 11-I oll) L5 = L3 IL4 =|| _ Iw °||

 Choose maps h3, h5 such that L3= L(h3) and Ls= L(hs). Since W is
 unimodular, Lemma 2 shows that M(h3) and M(h5) are Z-homology spheres.
 From Lemma 3 we may further assume that the lift h5 has been chosen so
 that M(h5) is the 3-sphere. Next, define a lift h4 of L4 by h4= h5h3. Then
 L(h4)= L3L5 = L4 so y a second application of Lea 2) the mamfold
 M(h4) is also a Z-homology sphere.

 By Lemma 5, the bilinear form X*3 k4) iS represented by ffie matrz-W
 and since W has even diagonal entrles this form has even type.

 By Lemma 3, there are elementsfi,f2 in C(n) such that L(f2h3fi)--L(h)
 (mod 2). Define ho = f2h3fi and hl = h4fi. Then (hos hl) and (h3, h4) are
 equivalent map pairs so the manifolds in the fundamental triples are equiva-
 lent and the associated bilinear forms are equivalent (Lemma 6) Define
 h'-hlho Ih. Then, since L(ho)-L(h) (mod 2), it follows that L(h')--L(hl)
 (mod 2).

 The mod 2 reductions of (L(h), L(h')) and (L(h3), L(h4)) are now seen to
 be equivalent. Therefore by Lemma 6, the bilinear form zN for N = N(h, h')
 has even type. Now L(h')--L(hl) (mod 2), so by Lemma 2 and our previous
 observations, M(h') is a Z/2Z-homology sphere. Finally, hth-l = hlho 1, and
 since S(hlho-l) st S(h4h3 1) we find that M(hth-l) = M(h4h3 1) _ M(hs).
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 But h5 was chosen so that M(h^) is the 3-sphere; thus M(hth-l) is the

 3-sphere. C1

 3. Representations of S onto Z/2Z. This section contains the main results

 of the paper. It studies how the ,u-invariant for 3-manifolds plies group

 theoretic properties of the class of groups {SC(n), n = O, 1, 2, . . . }. In §4 the

 reverse problem will be studied: how topological invariants of 3-manifolds

 can be obtained from group theoretic properties of the class {SC(n)}.

 Consider a Heegaard splitting S (h2hl) of a Z/2Z-homology sphere

 M(h2hl) where hl and h2 are elements of 9C = SC(n). From Lemma 2 we

 know that if S(h') is another Heegaard splitting of genus n such that

 L(h') = L(h2hl), then M(h') is also a Z/2Z-homology sphere. But L(h') =

 L(h2hl) if and only if h' = h2kAl for some k E S(n). Thus, for k E %(n), we

 can ask about the change in the ,u-invariant, ,u(M(h2kAl)) - ,u(M(h2hl)). We

 will show in Theorem 8 that this change is quite regular and that it leads to

 representations of SC(n) onto Z/2Z for n > 2.

 3.1 MAIN THEOREM. A fimte sequence <hp, . . ., hl> of maps in SC(n) will

 be said to be admissible if M(hp * * * hl) is a Z/2Z-homology sphere. We will

 be interested chiefly in the case p = 2 and we have chosen ffie term

 "sequence" to diminish confusion with map pairs. Note that if <h2, hl> is an

 admissible sequence, then <h2, k, hl> is also an admssible sequence for each

 k E Sf>(n) (Lemma 2).

 THEOREM 8. For an admissible sequence <h2, hl> in SC(n), n > 2, let P*2,^l be

 the set function from SC(n) to Q/Z defined by the rule,

 (10) ps2,a,(k) _ F(M(h2kAl))- ,u(M(h2hl)) (mod 1), k E SC(n).

 These set functions have the following properties:

 (i) Each function P*2 *, is a homomozphism from SK(n) onto the additive group

 {°' 2 } (mod 1) t Z/2Z.
 (ii) If <h2, hl> and <t2, tl> are admissible sequences with L(ti) _ L(hi)

 (mod 2), i - 1, 2, then p^2^, = p,2,t,

 (iii) Let Sh2,h, denote kernel p^2*,. Let E(n) denote the collection of groups

 {S*2^,} as <h2, hl> ranges over all admissible sequences of length 2 in SC(n).

 Then (e(n) is a complete conjugacy class(2) of subgrows of SC(n).

 PROOF. The proof of Theorem 8 is long and is divided into several parts.

 We will first consider the special case where h2 = id and t2 = id. We will

 establish (i) and (ii), and instead of (iii) we will show that the groups Xd h are

 conjugates of each other by elements of C(n). With these results we will then

 establish the theorem in the general case.

 (2) Finite upper and lower bolmds on the order of e(n) will be given iIt Theorem 9.
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 Special case (h2 = id, t2 = id). The key to dealing with this case is to first
 establish that (ii) holds for the special set functions. The trsck used in the
 proof of Lemma 7 to turn one nice map pair into another one will be
 instrumental in establishing (ii). To simplify notation in this case we will
 replace hl and tl by h and t.

 Consider then elements h and t in SC(n) such that L(h) _ L(t) (mod 2)
 and such that M(h) is a Z/2Z-homology sphere. Let k E SK(n). If n is odd,
 we immediately replace, h, t, k, by h # 5(1), t # 5(1), and k # id as indicated
 in §2.3. Because stabilization by 5(1) corresponds to the formation of the
 connected sum of a manifold with 2:, we have M(h # 5(1)) M(h) and

 M((k # id)(h # 5(1))) M((k^) # 5(1)) M(kh). Similar equivalences

 hold for t. Thus the values of Pidsh(k) and Pidst(k) remain unchanged, and we
 may assume that n is even.

 By Lemma 7 there is a map pair (h, h') such that M(h') is a Z/2Z-
 homology 3-sphere, M(hth-l) is the 3-sphere, and the bilinear form mN(hhz
 has even type. At this point we apply the trick from Lemma 7 and define
 t' = hth-lt to obtain another map pair (t, t'). Note that t't-l = hth-l.
 Because L(h) _ L(t) (mod 2), it follows that L(h)--L(t') (mod 2). Thus
 from Lemma 2, M(t') is a Z/2Z-homology sphere. By definition M(t't-l) is
 the 3-sphere, and by Lemma 6, the form mN(t ,9 has even type.

 Consider the modified map pairs (kh, h') and (kt, t') obtained by replacing
 h and t by kh and kt. The abelianizations of the new map pairs are identical
 with the old ones so by another application of Lemma 6, we find that the

 bilinear forms X(h,h') and mN(kh,hr are equivalent as are the fos mN(t ,3 and
 mN(kt,tr. In particular, then, ffie signatures must coincide for mN(hhw) and

 mN(kh,h) and sidarly for mN(t,t') and mN(ktst'). Ae sipatse formula (6) of
 Lemma 4 then gives the congruences:

 -](M(h)) Jr }](M(h')) + #(M(hth-l))
 (1 1)

 _ -y(M(kh)) Jr l(M(h')) + #(sH(hth-lk-l)) (mod 1)

 and

 -y(M(t)) Jr #(M(t')) + It(M(t't-l))

 (12) ---I(M(kt)) + I(M(t')) + #(M(t't-lk-l)) (mod 1).
 Because M(hth-l) is the 3-sphere, whose ,u-invariant is 0, and because t't-l is
 defined to be equal to hth - 1, (11) and (12) simplify to,

 (13) y(M(kh)) - y(M(h))--,u(M(hth-lk-l)) (mod 1)
 and

 #(M (kt))-#(M (t))-y(M (hth - lk - 1))  (mod 1). (14)
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 Comparison of the two congruences now reveals that pidsa(k) = Pidst(k)
 Assertion (ii) has now been verified.

 Because M(hth-l) is the 3-sphere, Lemma 2 shows that M(hth-lk-l) is a
 Z-homology sphere and thus y(M(hth-lk-l)) is either O or 2. Ae image of
 the set function Pidsh iS therefore contained in {°, 2 } (mod 1), and the second

 part of assertion (i) has been verified.
 To show that Pidh iS a homomorphism we must show that Pidh converts

 products in SC into sums in {°, 2 } (mod 1). Let kl and k2 be elements in SC.
 Then

 Pid h(k2kl)--( (k2kl^))-(M(kl^))

 +y(M(klh)) - #(M(h)) (mod 1)

 -Pid,klh (k2) + Pidsh (kl).

 But L(klh) = L(h) so by (ii) we have Pid,klh(k = Pidsh(k0; ffiUS Pid,h(k2kl)

 = Pidsh(ki) + Pidsh(kl) as required.
 To complete the special case, it remains to establish suUectivity of Pidsh and

 to establish the conjugacy of the subgroups SCld,^ in SC by elements of T.
 Given that <id, h> is admissible, there are, by Lemma 3, elementsfi andf2 in
 ff such that L(h)--L(f2sfi) (mod 2). Thus Pidsh = Pid&2Sf,* By ming use of
 the equivalence condition (2) we can rewrite (10) as

 Pidz2Ssl(k) = F(M(f2-lkg2sfi))-y(M(y2sfi))

 (15) = ,U(M(A2-l)4t2s))-It(M(s))*

 Because X is a normal subgroup of SC, it follows that

 (16) PidXf2sfi (k) = Pid,s(M2 kf2)

 This shows that Pidtfsf} iS the composition of Pid s Wiel the restnction to SC of
 the er automorphism of SC which sends each element x to f2 xf2. Iwhe
 relation between the subgroups SKSd,f2sfi and SIdt s is now given by

 (1 7) S(id,f2sfi f25Kid, sf2 *

 The groups Xd,h are thus all conjugates of SGId,s by elements of fF. To
 establish that Pid,h iS m general suUective it is now sufficient to establish that

 * * *

 Pid, s 1S SU1 lectlve.
 We first show that for each value of n > 2, there is an element t E SC such
 that M(t) is a Z-homology sphere with y(M(t)) = 2. We first establish this
 for n = 2. By [Sf, TR] the spherlcal dodecahedral space is the 2-fold covering
 over z branched over the torus knot of type (3, 5). By [Pc] this space is
 defined by a Heegaard splitting S(t) of genus 2. By [HNK], y(M(t)) = 2.
 Since M(t) is a Z-homology sphere, this takes care of the case n = 2. For
 n > 2, stabili7e S(t) to S(t # s(l) # * * * # s(l)) to obtain the desired t.
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 Continwng the proof of surJectivity, we observe next that by Lemma 3,
 there is an element t' E SC(n) with S(t') z S(t) such that L(t')-L(s). Thus
 there is some k E SC such ffiat t' = ks. By (2), we have M(t') M(t) so
 Pid,s(k)--Is(M(ks)) - Is(M(s))--,u(M(t)) - °--2 (mod 1), and we con-
 clude that Pid,s iS surjective.

 This completes the special case of the theorem.
 General case. (i) Consider the general set function Ph2,^| Rewnting (10) we obtain

 ps2,^l (k) _ #(M (h2kh2- l)h2hl) - ,u (M (h2h,)) (mod 1)

 (18) Pid,h2h, (^2k*2 1)

 Thus p^2,^ is the composition of Pidh2h, with the restriction of the inner
 automorphism: x h2xh2 . The normality of SC in 9C implies as in the
 special case that p^2*, is a homomorphism and that, since Pidh2h, is surjective, * * . .

 Ps2,^ lS SurJectlve.

 (ii) The verification of (ii) will be based on several inversion formulas
 which we now give. First, for any h E %(n), e manifold M(h-l) is
 equivalent to -M(h); that is, the obvious homeomorphism from M(h-l) to
 M(h) is orientation reversing. By (S) we have,

 (19) F(M(h-')) _ #(-M(h))--- p(M(h)) (mod 1)
 and

 Pssid (k)-y (M (hk)) - y (M (h))

 (20) --F(M (k - lh - 1)) + y(M (h - 1))
 --Pidsh- (k) (mod 1).

 The last equality follows from the fact that squares rnap to 0 under p.
 Combining (18) and (20), we obtain the more general inversion formula,

 ps2,^, (k)-Pid,^2h, (*2k*2 )

 (21) Phl I*2 1,id(^2k*2 1)
 --Ph, ',h2 t (k) (mod 1).

 Let <h2, h,> and <t2, t> be admissible sequences with L(hi)--L(ti) (mod 2),
 i = 1, 2. Note first that L(h2h)-L(h2t) (mod 2) so by (18) and the special
 case, we find that Ph2,h, = ph2,t, By (21) we have

 Ph2,,, =-P,, I,h2-l and P,2,,, = -Pt, 1.,2-'

 The same application of the special case as the one we just made now shows
 that p,, I,h2-l-P,, 1,t2 1 and by transitivity we have that Ph2,h, = P,2,,,
 (iii) Observe that equation (18) implies that
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 (22) 2shl *2 (9Cldsh)*2s h = h2hl.

 Note that in (22) the map h2 can be an arbitrary element of SC; however

 h = h2hl is subject to the restriction that M(h) be a Z/2Zhomology sphere.

 From (17) and (22) it now follows that the collection of groups lD(n) is given

 by,

 (23) e(") = {(*2 If2)(%ldss)(f2-lh2)/hz E SC,f2 E (y}

 and this is clearly a complete conjugacy class of subgroups of SC.

 This completes the proof of Theorem 8. [1

 3.2 Bounds on the order of E(n). Theorem 8 will allow us to compute, in

 Theorem 9, upper and lower bouIlds on the order of e(n). Before giving the
 proof of Theorem 9 we review in the next three paragraphs some material on

 twist maps, knot surgeries, and the Arf invariant of a knot. This is for the

 purpose of obtaining a lower bound for lC(n)l.

 Let R be a siruple closed curve in Bd U that separates Bd U, and let t be a

 twist map of Bd U about R. For some annulus A C Bd U and R c Bd A the

 map severs Bd U along R, then twists A holding (Bd 24) \ R frrced so that R is

 rotated a full revolution, and finally reattaches the two sides of R in Bd U by

 the identity map. Note that since R separates Bd U we have t E W(n). Let h

 be an arbitrary element in T(n). Then t transforms M(h) to a new 3-rnanifold

 M (th). Lickorish observed [LK] that up to an orientatioIz-preserving

 homeomorphism, M(th) results from M(h) by a knot surgery. If W(R) is a
 tubular neighborhood of R with W(R) n Bd U an annulus, then this surgery

 has the following description: Let R' result from one of the two curves in

 W(R) n Bd U by twisting once about a nzeridian in Bd W(R). (The

 direction of the twist is not important to us here.) Remove W(R) from M(h)

 and reattach BdW(R) to Bd(M(h)\IntW(R)) so that a meridian in

 Bd W(R) is taken to the curve R'.

 Results due to Gonzalez-Acuna [GA, Theorem 4] and Gordon

 [Gd,Theorem 2] show that if M(h) is a Z-homology sphere, then the

 manifold M(th), obtained by the knot surgery described above, is a Z/2Z-

 homology sphere and its y-invariant is given by

 (24) I(M(t*))--F(M(h)) + aM(")(R ) (mod 1)

 where aM(n)(R) denotes the Arf invariant of the knot R (to be described

 below).

 If R is any krlot in a Z-homology sphere M(h), then the Arf invariant of R

 in M(h) is defined as follows (see [Sf,TR]): The curve R bounds an

 orientable surface Q in M(h). Let Q + and Q be disjoint, parallel copies of

 Q slightly to either side of Q. There is a quadratic linking form XQ:

 Hl(Q: Z/2Z)Z/2Z given by XQ(,B) = Ik(,8+, ,ll-) (mod 2) where lk
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 denotes linking number and ,(} + and ,B are the parallel copies of ,l? in Q +

 and Q . Let yl, . . ., yp, al, . . ., (xp be a symplectic basis for H1(Q; Z/2Z);

 ie I(Yi, y>) = I(ai, ay) = O (mod2) and I(yi, xx>) = dij (mod2) where I
 denotes intersection number. Then the Arf invariant aMf")(R) of R is given by

 (25) (R ) z XQ (Yi)XQ (a;) (mod 1).

 THEOREM 9. Upper and lower bounds on I lD(n)l are given by,

 2n l(n)l = 1 2(n)(n+1)/2 1:I (2i + 1),

 where p is an integer, p > 1.

 PROOF. According to equation (23), the group SC(n) acts on E(n) by

 conjugation. Suppose that g E kemel(E71). By equation (22) we have

 (26) g *2a,g g ^2 Xldsh2h,^2g = Sh gg-lh *

 By Theorem 8, part (iii), the groups Sh2gg *, and SK;*2^, coincide; hence the

 action of g is trivial. Thus SC(n) acts on e(n), so that SC(n) has a repre-

 sentation as a group of permutations of the set E(n). By Theorem 8, part (iii),

 this action is transitive; hence lE(n)l divides l5C(n)l = 2t II,1(2i + 1)(2i-1)

 (see [Nw, p. 125]).

 Let S C 9C be the stabilizer of SCl 5 s: E(n). Then llD(n)l = 19Cl/lSl. Let

 C0 = f n SCS 1, and let C0 be the image of C0 under q. Iff E C0, then we

 may findf' E C0 such thatf = sf' ls l, i.e.fsf' = s. Since Xdg = Xdg for

 eachf E C, equation (17) now implies

 (27) f Xd, sf = XldJsf - | = XldJsfw = Xld, s *

 Thus fFo C > and lE(n)l divides l9CI/INol. Since
 n

 |CO| = {GL(n Z/2Z)1 = 2(")(n-1)/2 g (2i _ 1)

 i=l

 it follows that lE(n)l divides 2(n)("+l)/2IIi"l(2i + 1). This establishes the upper

 bound in Theorem 9.

 We will establish the lower bound by showing that the number of distinct

 groups of the form Xdsh iS at least 2". In the verification of (iii) in Aeorem 8

 we noted that each group Xdh has the form SldJs for some f E T(n).

 Consider the collection of matrices { Wj = diag(El( j), . . ., E"(j))/Ei(j) = O or

 1). There are 2t matrices in this collection. Let these be indexed so that for

 j < n we have qCi) = dij. Thus WO = O. SetfO = id. For each 1 < j < n, the

 symplectic matrix F(Wj) is equal to L(f>) for a twist map f; that performs a

 twist about a meridian corresponding to (Jn+j Forj > n, we find that Wj is a

 sum of the elementary matrices Wi, i < n. Thus we may lift F(Wj) to C(n) so
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 ffiat F(Wj) = L(4.) where fj is the composition of the elementaw tvst fi,
 i < n, corresponding to the decomposition of Wj.

 Notice that F(Wi)Ff-Wj)-F(Wp) (mod 2) for some p such that Wf-
 Wj-Wp (mod 2). The equality

 Pid,fps = Pid,4-lis

 follows now from (ii) in Theorem 8. We claim that Pid,f,s = Pid,ss if and only if

 PidSps = Pid,s- Suppose that Pidts ¢ Pid,ffis. Then there is an element k E %(n)
 such that,

 (28) (M(kffiys)) - Is(M (fjs)) > F(M(kfis)) - y(M(fis)) (mod 1).

 Replacing M(h) by M(fh) for f E §;(n) does not change the ,u-invariant
 since by (2) the splittings S(h) and S(fn) are equivalent. Because of this (28)
 * *

 mp les,

 (M ((f - lkf )fj- lfis))-wu(M (fj lfis))
 (29) ty(M((g7 kg7)S))-Il(M(s)) (mod1).

 Setting k' = f>-lk4., we find that k' belongs to one of the subgroups Xd-lSss

 Xd,s but not the other. The entwe argument may now be turned around to
 show the reverse implication.

 From the preceding paragraph we see that to show that the 2t subgroups
 Sg5 are distinct, it is sufficient to show that 9(id,;s + Xd, 5 j 76 O. To show
 this we will make use of the Arf invariant in the way previously described.
 We will describe a simple closed curve Rj in Bd U(n) that separates Bd U(n)

 so that aM(5)(R;) = O but aM(fis)(R>) = 2. If kj is an associated twist about R>,

 then it will follows from (24) that Pid 5(kj) = O but pidg5(k,) = X showing that

 the two subgroups above are not equal.

 Consider Wj = diag(E(j), . . ., E"(j)) j > 1. By renumbering the basic

 elements we may assume that el(j) = 1. We will define Rj to be the boundary

 Of a surface Qd in Bd U(n). Rather than specifying Qj directly, we will first
 specify a symplectic basis {y, cY} for the first homology of Qj and then use

 this basis to recover the surface. We consider two cases:

 (E2(j) = O). In this case set y = @2 + °n+2 and a = co, + Xn+2. 'rhe linking
 form X for Bd U(n) can be determined visually for y and xx. We have,

 X(Y) = 1 and x((x) = O in M(s), X(Y) = 1 and X(a) = 1 in M(fjs). Let R¢> and
 Raj be a pair of simple closed curves in Bd U(n) which intersect geometrically
 in a single piercing point and which are geometric representatives for the

 classes y and a. Let Qj be a regular neighborhood of Rcj U Raj in Bd U(n),
 and take Rj to be Bd QJ.. Formula (25) now shows that aM(s)(R) = O and
 aM(gs)(R>) = 2*
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 (E2(j)= 1). This case proceeds exactly as before except that here y is

 defined to be @2 rather than )2 + 6)nJr2 0

 REMARK. We were able to prove a little bit more; however we were unable

 to determine the precise order of E(n) for arbitraly n. We showed that the

 lower bound is strict. Also, we showed that the orbit of S,s under ff contains

 precisely 2" elements. This followed from a somewhat lengthy argument, too

 complicated to include in this manuscript. As a consequence, it follows that

 lD(n)l divides 2t IIt=1(2i + 1).

 3.3 Some further remarks. The results in Theorem 8 suggest a possible

 means to find hornotopy 3-spheres with ,u-invariant 2. The method mi«t be

 described as fixing the surgery while changing the manifold that it takes place

 in. Begin with a fixed element k E S(n) such that Pid s(k) = 2 . T1len look for

 a sequence of maps h2, . . ., h,, . . . in SC(n) such that the surn of the ranks

 of x,(M(his)) and ,(M(hiks)) is a decreasing function of i. If such a

 sequence could be found then eventually both M(his) and M(hiks) would be

 homotopy 3-spheres. By (ii) in Theorem 8 each P*, s(k) = 2 SO one of the two

 eventual homotopy spheres M(his) or M(hiks) would have ,u-invariant 2 .

 4. Normal subgroups of 9C(n) and topological invariants of 3-manifolds. The

 properties exhibited by our family of groups 9(;h2h, have an interesting

 relationship to a more general phenomenon which will be described in this

 section.

 We would like to place an equivalence relation on maps in %(n) such that

 h t if and only if M(h) M(t) (recall 3 means oriented equivalence).

 This may be accomplished by translating the classical Reidemeister-Singer

 theorern (see lRd, ZT], [Sgl, also [Cr, NP]) into an algebraic statement about

 the groups SC(n).

 LEMMA 10. Iwt h and t be elements of SC(n). Then the manifolcls M(h) and

 M(t) are equivalent if and only if there exists an integer p > O and elements fl

 andf2 in SC(n + p) such that if h' = b # ps(l) E SC(n + p) and t' = t # ps(l)

 E 9t(n + p), then t' = f2htf,.

 PROOF. Replacing h and t by h' and t' is the algebraic analogue of the

 stabilization process used by Reidemeister and Singer (see §2.3). The

 condition t' = f2h'f, asserts that S(h') and S(t') are equivalent Heegaard

 splittings (see §2.3). [D

 For h E SC(n), we will refer to the collection of maps

 {(f2)(h # ps(l))(fl )/p = O, 1, 2, * * *, fl,f2 E n + p)}

 as the stable double coset (mod W) defined by h. If h E SC(n) and t E %(m),

 we define h to be equivalent to t, written h t, if the stable double cosets of h

 and t intersect nontrivially. This places an equivalence relation on elements in
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 the collection of groups {SC(n)/n = O, 1, 2, . . . } such that if [h] denotes the

 equivalence class of h, then M(h) M(t) if and only if lh] = ltl.

 Recall that in §2.3 we described a procedure for "extending" a map

 b E SC(n) to a (nonunique) map b' = b # id E %(n + 1). Suppose now,

 that for each n = O, 1, 2, . . ., we are given a subgroup (n) of SC(n). The

 class of groups {e(n)/n = O, 1, 2, . . . } will be said to have the nested

 extension propert if for any b E t(n), and any extension b = b # id to any

 element of SC(n + 1), we have b' fE t(n + 1). Examples of classes of

 subgroups with this property are the collections {g;(n)} and {SC(n)} defined

 in §2.1. Another example is the collection of subgroups of the groups SC(n)

 generated by all twists about separating curves.

 Let {e(n)/n = 0,1, 2, . . . } be any class of groups which has the nested

 extension property and for which S(n) < SC(n) for each n. Consider the

 quotient groups ?C(n)/e(n) and the natural homomoxphism

 Z)n SC(n) 9C(n)/e(")

 The stable double coset of an element h E Sf>(n) is mapped into a well-

 defined stable double coset in SC(n)/U(n) because the nested extension

 property insures that if b E ker Mns then any extension b' = b # id of b is in

 ker Mn+l It therefore makes sense to speak of the equivalence relation J- g

 which is induced on elements of SC(n)/e(n) by the relationin SC(n),

 n - O, 1, 2, . . ., and of equivalence classes [h],p, in SC(n)/e(n) under the

 relation- . Moreover, it is immediate that invariants of a class [h] are

 topological invarsants of M(h).

 An example, is perhaps, in order. Consider the collection of groups

 {SC(n)/n - O, 1, 2, . . . }. Then SC(n)-SC(n)/SC(n), and corresponding to

 Mn is the natural map

 Zq: SC(n) SC(n)

 in the notation of §2.1. Let h E SC(n), and suppose that (h) is represented

 by the symplectic matrix

 L(h)= R Q .

 One may show without difficulty that the elementary invariants of the

 submatrix P are invarsants of [h]7,; these are sf course topological invariants

 of M(h) because P is a relation matrix for Hl(M(h); Z). In the case when

 H,(M(h); Z) is torsion-free, the equivalence class of h can be seen to be

 completely determined by the elementaxy invariants (the proof is a little

 complicated); however if torsion is present, more subtle invariants may be

 found for [h]71 (see [Rd, HI], [Sf, Vl] and [Br, EH, §4D.
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 We now study the analogous situation as it arises in connection widl our
 gIbOUpS Sh2hl

 Let C(nj = n 5!,C*2,^, where the intersection is taken over the finlte set e(n)

 defined in §3, or equivalently the intersection is taken over all admissible

 sequences <h2, h,>. Since e(n) is a complete conjugacy class of subgroups of

 SC(n), the group (S(n) is normal in SC(n), also the collection {(S(n)/n = O, 1,

 2, . .. } satisfies the nested extension property. Thus we have natural

 homomorphisms

 An <3C(n) 5C(n)/e(n), n = O, 1, 2, ....

 and any invariants of [h], are topological invariants of M(h). We remark at

 the homomorphism 17 factors through i4n (because (S(n) C SC(n)); hence
 invariants of [h],; include all invariants of [h]71. Even more, we have the

 following theorem:

 THEOREM 11. Let h E SC(n) and t E SC(m). Suppose that M(h) and M(t)

 are Z/2Z-homology spheres and that [h],;, 5 [t],;,.

 Then y(M(h)) = Is(M(f)).

 PROOF. Since [h],;, = [t],, we may find integers p, q > O wsth n + p = n +

 q and maps fi and f2 in C(n + p) such that if h' = h # ps(l) and t'-
 t # qs(', then

 An+p(t') = An+p(f2htfl )*

 Thus f2htf, kt' for some k E ker An+p = (S(n + p). Since k E C(n + p) =

 n%,2^,(n + p) we have that k E Xdst,(n + p); hence ,u(M(kt')) =

 Is(M(t')). Also

 l(M(kt')) = F(M(f2htf,)) = u(M(h')).

 lEerefore ,u(M(t')) = ,u(M(ht)). Since M(h) M(h) and M(t) _ M(t')

 our proof is complete. O

 A partial converse to Theorem 11 holds.

 PROPOSITION 12. Let {2(n)} be any class of nested normal subgrows of the

 groups SC(n) with the two properties

 P1. t)(n) C SC(n), n - O, 1, 2, ....

 P2* IX [h]; = [t]t where tn SC(n) SC(n)/R)(n) and where M(h) and M(t)

 are Z/2Z-homology spheres, then y(M(h)) = y(M(t)).

 Then £)(n) C (S(n) for n = O, 1, 2, ....

 PROOF. Let k E @(n) and let <h2, hl> be an admissible sequence of

 elements of SC(n). By hypothesis y(M(h2kh)) = ,u(M(h2hl)); hence k E

 ¢!JC^2sh,(n). This holds for any admissible sequence <h2, hl>; therefore k E (S(n)
 and we have @(n) C (S(n). a
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 REMARK. Invariants of th]g; are, of course, well defined for all manifolds
 M(h), not just for the class of Z/2Z-homology spheres. We conjecture that, if
 M(h) and M(t) are not Z/2Z-homology spheres, then [h]g; = [t]g if and only
 if [h],, = [t]m where 17 is the canonical homomorphism from SC(n) to
 %(n)/9rC(n) and gn is the canonical homomorphism from S(n) to
 SC (n)/ 2)(n)

 The groups C(n) are not given explicitly by our construction. The propo-
 sition below exhibits some nontrivial elements in these groups and gives
 upper bounds for the orders of the groups C(n) in the groups SC(n).

 PROPOSITION 13. For each n > 2, let Y(n) denote the subgroup of S(n)
 consisting of elements that can be expressed in the form

 k = (kw2) ' (kw2 Sl) 2 * * * (k2)8P mod[SC(n), SC(n)]

 where kl, . . ., kp are elements of i;(n).

 Then f (n) is a nontrivial subgroup of (3C(n), even when homeomorphisms
 isotopic to the identity are factored out.

 Also, the order of C(n) in S(n) is bounded above by 2m2 where m is the order
 of the group Sp(2n, Z/2Z).

 PROOF. It is clear from the nature of Z/2Z that f (n) belongs to each

 S]Ch2,h, = ker Ph2,h,* That 9(n) contains nontrivial elements, even when
 isotopy classes are factored out, follows from the fact that SC(n)/Isotopy
 contains no elements of firlite order (Equation 6.2, page 49 of [M, ST]).

 From Theorem 8, the group C(n) is the intersection of fewer than m2
 subgroups of SC(n), each having index 2 in W(n). Therefore by a theorem due
 to Poincare (see [Kr, p. 62]), C(n) itself has index not greater than 2m . [1

 One would expect that more detailed knowledge about (S(n) would lead to
 a better understanding of the y-invariant. One would also expect that other
 nested sequences of normal subgroups of SC(n) would yield new topologxcal
 invariants of 3-manifolds.

 There is an intriguing question suggested by the fact that quotient group
 SC(n)/Isotopy is a residually finite group (see [Gr]). Consider the set of all
 classes {{Si(n)}: i E I} of nested normal subgroups of the groups SC(n)
 subject to the restriction that the index of each Si(n) in SC(n) always befinite.

 Let (Pi,n 9c(n) 9c(n)/Si(n) be the natural homomorphism for each

 subgoup.

 Question. If M(h) M M(t), does there exist some i E I such that [h],p. 7&
 [t]misn?

 Another possible line of study is suggested by the "additive" structure in
 the collection of groups {X(n)}. Suppose that for some nested normal class
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 of subgroups {e(n)}, it is possible to identify, in some natural way, the factor

 groups SC(n)/e(n) with subgroups Gn of an abelian group Ge Then the

 addition defined in §2.3 allows us to look for another characteristic in the

 nesting, namely that the equivalence classes satisfy [h # htl,t, = [h],p + [h'],p.

 This condition would provide a topologcal invariant for 3-manifolds which

 expressed the invariant for a connected sum of manifolds as the sum of the

 invanants for the components. This might be useful, for example, in attemp-

 ting to get at finer invariants of homology cobordism classes of Z-homology

 spheres than the ,u-invariant.

 REFERENCES

 [Br, SM1 Joan S. Bmmarl, On Siegel's modular group, Math. Ann. 191 (1971), 5948.

 lBr, EH] , On the equir3alence of Heegaard splittings of closed, orientable 3-monifolds,
 Ann. of Math. Studies, no. 84, Princeton Uxiiv. Press, Princeton, N. J., 1975, pp. 137-164.

 [CS] S. Cappell and J. Shaneson, Invariants of 3-manifolds, Bi. Amer. Math. Soc. 81 (1975),
 559X562.

 lCr, NP] R. Craggs, A negv proof of the Reidemeister-Singer theorem on stable equivstence of
 Heegaard splittings, Proc. Amer. Math. Soc. 57 (1976), 14>147.

 [Cr, HS] , Relating Heegaard and surgely presentations for 3-nsnifolds, Notices Amer.
 Math. Soc. 20 (1973), A-617.

 [Cur, FHJ , 4manifolds and their Heegaard diagrams, Notices Amer. Math. Soc. 23

 (1972, A-311.
 [E1Q] J. EeilS and N. H. KUiPer, An insariant for certain smooth manifolds, ADS. Mat Pura

 APPI. (4) 60 (1962), 9>1 10.
 [GA] F. Gonzalez-Acuna, Dehn's construction on knots, Bol. Soc. Mat. Mesicana 15 (1970),

 5879.
 [Gd] C. McA. Gordon, Knots, homoZogy tpheres, and contractibZe 4manifohds, Topology 14

 (1975), 151-172.

 [Gr] E. Grossman, On the residual finiteness of certain mmping chass grows, J. London Math.
 SOC. (2) 9 (1974/75), 160 164.

 [HNE] F. Hixzebruch, W. D. Neumann and S. S. Koh, DifferentiabZe manifoZds and qlratic
 forms, Lecture Notes in Pure and Applied Mathematics, vol. 4, Marcel Dekker, New York, 1971.

 [Kr] A. G. Kurosh, Tfie theory of groz!ps, vol. I, Chelsea, New York, 1960.

 [Lk] W. B. R. Lickorish, A representation of orientabZe combinatorial 3-manifoAds, Ann. of Math.

 (2) 76 (1962), 531-540.

 [MIQS1 W. Magnus, A. Karass and D. Solitar, Combinatorial grow theory, Wiley, New York,

 1966.

 [Nw] M. Newman, Integral matrices, Academic Press, New York and London, 1972.

 [Nl] J. Nielsen, Untersuchungen zur TopoZogie der geschZossenen zweiseitigen FZachen, Acta

 Math. 50 (1927).

 [Nt ST] , Surface transformations of algebraicatZy Snite type, Danske Vid. Selsk. Mat.-
 Fys. Medd.. 21(1944), 149.

 [Pc] H. Poincare, Second comenwnt a l'anatpsis situs, Proc. London Math Soc. 32 (1900),

 277-302.

 [Rd, Zll K. Reidemeister, Zur dreidimensionaZen TopoZogie, Abh. Math. Sem. Univ. Hamburg 9

 (1933), 189-194.
 [Rd, S] , SIeegaarddiagramme und Invarianten wn Mannigfattigkeiten, Abh. Math.

 Sem. Univ. Hamburg 10 (1933), 109 118.

 [Sf,TR] H. Seifert, TopoZogie dreidimensionaZen gefaserte Rfiume, Acta Math. 60 (1933),

 147-238.

This content downloaded from 143.215.137.43 on Sat, 24 Feb 2018 13:32:51 UTC
All use subject to http://about.jstor.org/terms



 3 MANIFOLDS AND CERTAIN STRUCTURAL PROPERTIES 309

 [Sf, VI] , MeKSCAIE"gX"gSE"VC[riAntenS Sitz. PreUSS. Alcad. WiSS. BerXin 16 (1933), 81 1428.
 ISd J. Singer, Three-dimensional nsnifolds and their Heegaard diagrams, Trans. Amer. Math

 SOC. 35 (1933), B8-111.
 IWI] C. T. C. Wall, Non-additivit of the signature, INVent. Math. 7 (1969), 269-274.

 DEPARTMENT OF MATHEMATICS, COLUMBLS UMVERSrrRr, NEW YOR}C, NEW YOREC 10027

 DEPARTHENT OF MATEMATICS, UNDERS}5 OF ILUNOIS, URBANA, ILLSOIS 61801

This content downloaded from 143.215.137.43 on Sat, 24 Feb 2018 13:32:51 UTC
All use subject to http://about.jstor.org/terms


